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(4) The test data upon which the CRASH3
empirical fits of Reference 1 are based should
be carefully re-examined. In the devel opnent
of those fits, it has been assuned that common
crush properties exist within each size cate-

gory of vehicle, regardless of differences in

ABSTRACT

A revised danmge analysis procedure for
CRASH, which includes restitution effects, is
descri bed. The proposed cal cul ation proce-
dure has the potential capability of (1) im

proving the delta-V accuracy in |ow speed the basic layouts of conmponents and in overhang
collisions and (2) segregating stiffness and di mensi ons. The total nunbers of included
restitution properties. The anal ytical vehicles are limted, and substantial adjust-
approach can provide a basis for refinenent ments have been made in the results. A fresh

| ook, with the CRASH4 data needs in mind, nay
define nore proper categories on the basis of
stiffness and restitution. It mayalso elinmnn-
ate any need for adjustnent of the results.

of the categorization of vehicles through its
use of additional crush property descriptors.
Sanple results fromapplications of a prototype
conmputer routine are presented and conpared
with corresponding results from the original
damage routine of CRASH.

The reported research has been supported
by McHenry Consul tants, Inc.

| NTRODUCTI ON

In Reference 2, Snith and Noga properly
conclude that the damage algorithm of the CRASH
conmput er program tends to underestimte |ow
delta-V values as a result of the neglect of
restitution effects (see Appendix 1). The
SUMMARY AND CONCLUSI ONS omission of restitution effects in CRASH was
consi derati ons.

(1) Significant inprovements in the re-
construction accuracy of the CRASH3 dammge
al gorithm can be achieved by neans of a rela-
tively sinple revision that includes restitu-
tion effects.

(2) The existing A and B enpirical
stiffness coefficients of CRASH3 can be
directly converted to those required for the
proposed revision, with either (a) "represen-
tative" or (b) individually nmeasured restitu-
tion effects integrated into the conversion

process. Option (a) could serve to reduce
systematic errors at | ow AV val ues. Option
(b) could potentially achieve major inprove-

nments in reconstruction accuracy.

(3) The four fitted constants of the
revised damage algorithm which segregate
stiffness and restitution properties, can pro-
vide a basis for refined categorization of
vehi cl es.
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based on several inportant
First, the original formulation of the CRASH
conmput er program (e.g., References 3 and 4)
had limted objectives in terms of detailed
accuracy, since it was devel oped for the pri-
mary purpose of serving as a sinple pre-
processor for use with the SMAC sinulation
program (Reference 5). Second, at the tinme
of the CRASH fornul ation (1975), restitution
effects in vehicle structures were not found
to be sufficiently well defined to support
the added conplexity of their inclusion. Note
that the neglect of restitution effects has
been clearly pointed out in all related docu-
ments (e.g., References 3 and 4).

The rel atively wi despread current use of
t he damage anal ysis portion of CRASH3, as a
primary technique rather than a sinple pre-
processor, makes it appropriate to re-examine
the analytical forrmulation of CRASH with a
view toward refinenments that will reduce or



elinmnate the recognized error source.

It is proposed that consideration should
be given to adoption of the damage al gorithm
defined herein in a "CRASH4" revision. It
shoul d be noted that the required danage con-
stants for "CRASH4" can be automatically gene-
rated fromthe CRASH3 values for A and B com
bined with definitions of restitution proper-
ties by neans of a sinple calculation routine.
As a mnimm benefit of the revision, an
initial assumption of identical restitution
properties for all vehicles could serve to
reduce the recogni zed problem with underesti -

mat es of | ow AV val ues. To achieve the full
potential benefits, it will be necessary to
re-examine crash test data for reliable

neasures of the stiffness, dynam c overshoot
and restitution properties of specific vehicle
configurations and sizes and to refine the
categorization of vehicles accordingly. Subse-
quent to initial checkout runs of "CRASH4,”
the overall accuracy should be evaluated in
the manner of Reference 2, prior to its general
adopti on.

In Table 1, prelimnary results obtained
with a prototype CRASHA conputer routine are

presented for conparison with neasured data
and with corresponding CRASH2 and CRASH3
results for the 12 RICSAC tests of Reference
6. The summary of test data and CRASH2 results
is taken directly from Appendix C of Reference
7.

In preparing Table 1, it was found that
the CRASH3 results listed in Appendix C of
Reference 7 were closely matched but not iden-
tically duplicated with CRASH i nputs based on
data presented in References 6 and 8. The
general ly small differences in CRASH3 results
are believed to reflect effects of possible
differences in the DOPF and vehicle stiffness
category specifications (actual input data for
the Reference 7 runs of CRASH3 are not avail -

able). The results for CRASH3 and CRASH4 in
Table 1 have been produced with identical
i nputs.

The CRASH4 results presented in Table 1
are based on (and limted by) the fitted A
and B coefficients of CRASH3, conbined with
hypothetical "low' and "high" restitution
properties. Therefore, they do not fully
reflect the potential benefits of the use of
(1) refined crush coefficients and (2) actual

Tabl e 1. Conparison of Predicted Delta-V (MPH) Val ues for the RICSAC Tests
TEST NO- pEpORTED  ADJUSTED*  CRASH2 CRASH3 RESTITUTION  RESTITUTION  CONFIGURATION
LoBd B3 By BS Ba 55 osLiouE sie
S T D TR 199 By osuioue swe
3 925 122? 2:5 §-3 - 83 REAR-END
o3y 3 BE md By o
> %:7 2:4 14.8 8:8 36:8 3-8 REAR-END
6 18:3 18:3 #:§ %:8 18:2 18 OBLIQUE SIDE
! %8 %:4 8:6 8:7 44 29 OBLIQUE SIDE
s B3 B3 33 1 24 14 huneer sie
’ R R %3 3-8 163 #:1 DIRECT SIDE
10 144 1:8 154 144 1§.3 0 DIRECT SIDE
L@ @y Bd o #3 2.4 L —
12 483 37:1 78:8 %4 %3 301 OFFSET FRONTAL

1=

* MZ
A ¢ = —_
V1 3 [AV1+ Ml sz] ,
AV! =1 [av, + M—I—AV 1, so that
2 2 2 MZ 1-
Mllsv1 = MZAVé
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measured restitution properties for the indi- nmeasur ed dynani ¢ overshoot and restitution at

vidual vehi cl es. a given value of dynamic crush while retaining
The CRASH4 revisions include a nbdifica- the A and B values of the category. Table 2
tion of the "energy correction factor," based presents sanple results for Category 5(6),
on the analysis presented in Appendix 3 Frontal, of CRASH3 (Reference 9) to further
clarify the overall concept. It may be seen
DI SCUSSI ON OF TECHNI CAL CONCEPT in Table 2 that analytical fits of hypothetical
restitution properties, at a selected val ue
In the following, a sinple revision of of dynam c crush, and retention of conpatibil-
the CRASH3 danmge algorithm is defined which ity with A and B have been achi eved by neans
i ncor por at es restitution effects  without of application of the proposed damage al go-
altering the existing input requirenments other rithm In Figure 1, the resulting relation-
than those related to vehicle categories. ships of the total inpact speed-change, AV,
The internal nodifications, which retain com and the coefficient of restitution, €, to
patibility with the CRASH3 enpirical crush co- residual crush, ¢_, are displayed. In Figure
efficients, A and B, provide a basis for 2, the corresponding variation of the coeffi-
refinement of the categorization of vehicles. cient of restitution, €, as a function of
Wthin each updated vehicle category, maxi mum dynami ¢ crush, ¢, nay be seen to be
which will continue to share common val ues of general |y conpatible with existi ng plots of
A and B, sub-categories can be defined on the test data. Note that the "effective collision
basis of the stiffness and restitution con- speed" of Figure 2 is interpreted to be defined
stants that are found to be necessary to natch by V. = ( KIL/M) cm inches/sec.
0
Table 2. Sanple Results for Full-Frontal Collisions with a Rigid, Fixed Barrier
CRASH3 CATEGORY A = 325.0 1b/in M = 10.455 lb-seczlin
PRIMARY CATEGORY 2
from &V_ vs Residual Crush ste) 8« 37.0 W/in L *79.0 1nches
wtPOTHET (CAL . . ¢
GYNAMIC OVERSHOQT Cm/C'_ 1.333 1.250 L176 L
TEST DATA AT 8.7%
RES [CUAL /MAX TMUM [ 0.80 0.8% .90
DINAMIC CAUSH ' m .
OF 30 INChES COEFFICIENT OF RESTITUTION € 0.05 0.10 0.15 0.20 0.05 0.10 .15 0.20 0.05 0.0 @.15 0.20 0.0% 0.10 0.15 0.20
STIFFNESS PARAMETER Kl 40.241 44,178 48.114 57.646
IRASHE
lNT::NAL RESTITUTION k2 1.609 | 6.437 114.483 |25.748 | 2.762 |11.049 J24.856 [aa.188 | 5.369 |21.477 148.324 {85.909 |i3.16 |s2.661 118.442]210.56
CONSTANTS PARAMETERS RHQ -0.0086-0.0171f -0.0257] -0.0342| -0.0232|-0.0464]-0.0696 |-0.0923|-0.0476-0.0952] -0. 1428]-0.190 | -0.0964] -0.1929{-0.2892| -0. 3852
GAMMA 1.787 3.513 | 5.270 7.026 | 2.1962] 4.892 { 6.5885] 8.785 | 2.928 | 5.u56 | 8.985 Jii.713 ] 4.392 ] 8.783 J13.175 {17.567
AT RESIDUAL CRUSH o 17.45 17.88 17.60 1735
OF 10.0 INCHES TOTAL av [l19.44 121,02 (22.61 |24.20 [19.71 j21.58 |23.44 [25.31 |po.17 [22.50 J24.83 |27.16 |2i.10 f24.36 {27.62 |e8.24
RECONSTRUCTION - AV/AVE 1.089 1.178 | 1.267 1.356 1.104 | 1.209 } 1.313 1.418 1130 { 1.261 1.392 | 1.522 1.182 1.365 1.547 1.582
RESULTS
’ AT RESIDUAL CRUSH o 36.85 36.85 36.85 16.85
OF 30.0 INCHES TOTAL Av Ba.27 38.70 |41.13 |42.55 [38.27 §39.69 |41.12 p2.sa {ps.26 [39.69 [a1.12 [42.53 38.27 39.70 |41.12 f42.55
A\I/AVC 1.039 1.077 L.116 1.158 1.03% § 1.077 1.116 1.154 j| 1.018 | 1.077 1.116 1.154 1.068 1.077 L.lle | 1.154
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. Figure 2. Restitution vs Effective
Figure 1. Restitution and |npact Col l'ision Speed

Speed- Change vs Crush (From Ref. 10 (1968), with CRASH4 frontal
boundary curves superinposed)
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The four internal constants of the pro-
posed CRASH4 al gorithm are uniquely determ ned
by the constraints inposed by sinmultaneous
mat ching of both A and B and neasured restitu-
tion properties. Thus, they provide additional
descriptors of the crush properties of indi-

vidual vehicles that fit within a primary cate-
gory determined by A and B. Further, since
K, defines the crush resistance for increasing

f%ads while K,, RHO and GAMVA are related to

restitution, tzhese fitted constants can serve
to define sub-categories on the basis of stiff-
ness and restitution properties.

The wi de ranges of hypothetical restitu-
tion properties that are included in Table 2
produce reconstructed values for the total
i npact speed-change, AV, that are each greater,
of course, than the current CRASH3 out puts of

AV , the inpact speed-change for the approach

pe?i‘od of the collision. The magnitudes of
the increases nay be seen in Table 2 to range
from 3.9% to 15.5% at 30 inches of static
crush and from 8.9% to 58.2% at 10 inches of
static crush. Note that the effects of resti-
tution on the total inpact speed-change corre-
sponding to a given residual crush are
conpounded by the fact that restitution reduces
the residual
i npact speed- change. Also, the restitution
effects, which have been fitted at a selected
val ue of dynamic crush, are larger at |esser
val ues of dynamic crush (see Figure 2).

If the coefficient of restitution at 30
inches of dynamic crush is assumed to be 0.10
and, further, if the ratio of residual to
dynam c crush in that same dynamic crush range
is assunmed to be 0.80 to 0.90 (Reference 1,
p. 43), the total inpact speed-change, AV,
wi || exceed the approach period speed change,
AV , by 7.7%at 30 inches of residual crush
and by 20.9% to 36.5% at 10 inches of
crush.

The preceding findings differ markedly
from the inconprehensible conclusion of Refer-
ence 11 that "a restitution coefficient of
0.1 can change the energy by only one percent
and affect delta-v by even |less" (underline
added). In fact. the cited conclusion violates
Newton's definition of the coefficient of
restitution:

Coefficient of Restitution, ¢ =

separation
approach

speed of
speed of

From the definition of e, a coefficient
of restitution-of 0.10 nust increase delta v
by 10% over the case of e = 0.00. For exanple,
in a collision with a rigid, fixed barrier,
the speed of separation is equal to -ev, meking

the total delta-vV equal to -(1 +e)V.
Therefore, the cited conclusion 3f Refer-
ence 11, if interpreted as a sinple generality,

is clearly erroneous. If it is not a sinple

crush while increasing the total

resi dual
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generality, it requires an explanation of the
manner in which the actual effects of restitu-
tion can be di m ni shed bel ow those associ at ed
with the nominal coefficient of restitution.
Note that the analysis reported herein clearly
shows that nom nal restitution effects at a
gi ven val ue of dynamic crush can be substan-

tially magnified at |esser values of crush.

DEFI NI TI ON OF SYMBOLS

A = CRASH3 crush coefficient, 1b/in.

B = CRASH3 crush coefficient, I'b/in.

Cf = Residual crush, inches.

C = Maxi mum dynanic crush, inches.

E" = Absorbed energy, inch-lbs.

Ei = Restored energy, inch-lbs.

G = CRASH3 crush coefficient, 1bs.

K, o= Crush resistance per unjt width for
increasing loads, Ib/in.

K, = Crush resi stance per unjt wi dth for
decreasing loads, Ib/in.

K11 = K.value for vehicle 1.

Kl2 = K, value for vehicle 2.

L = (Contact widtl, inches.

M = Mass, lb-sec /in.

v = Common velocity of contact regions at

¢ end of approach period of collision,
inches/sec.

v = Initial velocity, inches/sec.

V; = Final (separation) velocity, inches/
sec.

Av = [|npact speed- change during the

¢ approach period of the collision,

inches/sec.

Av = Total inpact speed-change, inches/sec.

Y = Ratio of effective to total mass in
non-central collision.

r = CRASH4 restitution constant.

£ = Coefficient of restitution.

) = CRASH4 restitution constant.

DERI VATI ON OF ANALYTI CAL RELATI ONSHI PS

the case of a full-frontal
fixed barrier is

For sinplicity,
col lision against a rigid,
analyzed in the following. The derivation of
anal ytical relationships for the CRASHA danmge
algorithmis based on the relatively sinple
concept of combining the CRASH3 assunption that
the inpact speed-change during the approach
peri od, Ay is a linear function of the
resi dual cr%sh, C., Which has a non-zero inter-
cept, With the SMA% assumption (e.g., Reference
5) that AV is a separate linear function of
the maximum crush, ¢_ which has a zero inter--

S m
cept (Figure 3).

On the basis of crash test data for
dynanmic force vs crush (e.g.. Figures 4, 5
and 6), unloading may be seen to occur in the
formof a vertical drop to a secondary quasi-
linear load deflection characteristic as shown
in Figure 7 (see Appendix 2 for detailed dis-
cussi on). The general form of the CRASH4
force vs crush depicted in Figure 7 has been
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previously suggested by Marquard (Reference
12) and Emori (Reference 13). Note that the

non-zero intercept for force vs crush in the

CRASH3 derivation of equations corresponds to
crush, Cf,
force-crush rela-
tionship for purposes of energy cal cul ations.

The coefficient of restitution (Appendix

1) may be expressed:

v E
S VA (1)
0 A
where V_ =Separation velocity, inches/sec.
VS =Approach velocity, inches/sec.
E; =Restored energy, inch-Ibs.
EA =Absorbed energy, inch-Ibs.

For the CRASH4 force vs crush relationship

of Figure 7. it follows that



3 K c
8/ RS2 - —f> (2)
V \/KT< .
Sol ution of (2) for cf yi el ds

K
1 (3)
Cf=Cm <1 - K_g s>

The relationships of Figure 3 may be
stated mathematically as

_ L BL : (&)
AvC = A A/ ot < - > Cf inches/sec.
[K.L
_ 1 . 5
AVC = - Cm inches/sec. (5)

From (4) and (5),

We ([ fE T
ac, ac, (6)

;;i = ;% = constant
m (7)
dc
For 7&7 = const ant,
fc_; = 0.0 (8)
de
From (3)

dCf Cf K de
- ¢~/ o
@, [N my K, dC 9)

d=C K 2
- f 1 d'e
2 7 X, m 4 '. @%f]
ac, 2 dc ® - (10)
To satisfy equations (8) and (10),
2
d"e de
c £+ 255 =
m 2 (11)
dCy, dc,
Solution of equation (11) yields:
€= gL + P (12)
m
where T and P are constants of integration.

Substitution of equation (12) into (3) yields:

K K

1 1

C, = ¢ 1-P - - T -
f m <: K2 :) K2

From sol ution of equation (13) for Cm,

(13)

338

)
(14)
_p>

= 0.0 in equation (14),

(15)
L >

in equation (5) and set-

When Cf

Substitution of (15)

ting Cf =0 in equation (4) yields:
[k, 2
2
A \/K—l - F (16)
ST I

For crush values greater than that at the
intersection of the two linear functions of
Figure 3 (i.e., where negative restitution
woul d be necessary), the calcul ated coefficient
of restitution is set equal to zero:

If € <0.0, € =0.0. (17)

In the case V\/nereK the force vs
crush relationship of F gure ? can, at small
resi dual crush values, produce incorrect and
excessive restitution effects. In particular,
the lower linit for valid results is

(18)

inches

It is therefore necessary to redefine the rela-
tionshi ps between C» C. and € for that range

of residual crush in the foll ow ng manner (see
Appendi x 2):
| f K1< K2 and I/Kl/KZ. < e,
K
- 1 Iy
Cm = Cf + T (19)
2 K
Aoy
K2
Y 5O N S O
2 K Cn (20)
- -°F
2

Equations (12) through (20) serve to naintain
the separate linear relationships between
(1) AV _and G _and (2) AV and C_that are
defined by Figure 3 and byC equatic‘)nns (4) and
(5). They also permit the matching of test
data for restitution, e , and dynanic overshoot
(cm/ct,)1 at a selected value of maxi num dynanic



crush, (C ),, while maintaining compatibility
with the Xand B coefficients (i.e., the fitted
coefficients used in CRASH3) which relate aAv
to C.. Thus, the total inpact speed-change:
AV, corresponding to A Band specific restitu-
tion data, e, and (C_/C_.), at (C_),, can be

generated as™ a simpf.ne %urllction of  residual

crush, ¢_, by means of a straightforward cal cu-
|l ati on procedure. The constraints that have
been inposed in the derivation of analytical
relationships yield a unique set of four fitted
coefficients, K,, K , I', P, which are both
necessary and sulffic%ent to yield values for
the total inpact speed-change, Av, as a func-
tion of residual crush, C

Wth the devel oped "relationships, the
force vs crush rates for |oading and unl oadi ng,
K, and K,, arte established on the basis of
tllle combfnation of the ratio of residual to
maxi mum crush, C_/C_, and the corresponding
val ue of the coeffflmcient of restitution, g,
at one selected val ue of maxi mumcrush, ¢
At any other values of maxinum crush., Cm,
both ¢ and C_/C nust vary to retain the linear
relationships oF Figure 3 (equations 4 and 5)
with the assumed form of load vs crush (Figure
7). Thus, the resulting variations of ¢ and
Cf/Cm as functions of cm are uniquely deter-
mned by the relationships depicted in Figures
3 and 7. To the extent that those relation-
ships are valid, the definition of restitution
behavior is also valid.

The physical significance of the fitted
constants RHO and GAMVA may be better under-
stood by consideration of the follow ng.

(1) The coefficient of restitution, €, is
equal to zero when the dynamic crush, ¢ =
- I'/P inches. This result is obtained by
solution of equation (12) for = 0.0, which
corresponds to the intersection of the linear
functions in Figure 3.

(2) The maxi mum val ue of dynamc crush., ¢ _,
for which there is no residual crush is related
to RHO and GAMMA in the fol | owi ng manner:

For Kz < Kl’ from equation (15},

Cm=

inches (21)

. r
K

2 -v
1

For K1 < K2’ from equation (19),

C =Rl —L '\ inches (22)
Lo_p

The general nature of the predicted vari-
ation of € with maxi mum crush is consistent
with available test data (e.g., Figure 2).
However, it will be necessary to obtain reli-
abl e measures of the restitution properties
of specific vehicles and to conpare themwith
the functional relationships of the proposed
CRASH4 al gorithm which are depicted in Figure
8 for several values of the restitution param
eters.
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Figure 8. Restitution and Static/Dynamc
Crush Ratio vs Crush

In the following a procedure is defined
for calcul ation of Kl’ K2’ I' and P.

CALCULATION OF FITTED CONSTANTS--G ven El
and (C C.H\l,flrom test data at a given naxi mum
dynamic crush, (C_),, and values of A and B
fitted to the aval %J]le range of AV vs Cf in
test data, the CRASH4 constants, K ,CKZ, T and

P, can be calcul ated in the following manner.

- - (x oo A I
(1) Let trial value Of K = (Kl)., <(K1)1 =B+ 5_0_} j=1

2
(2) Kk, = (Ki)J’:m_CWC;n_)_l}

(3)P= G 5

@ rEAC) ((e)y - P)

© k=g

®) If |K1 - (Ki)jl < 0.01, Go to (8)

™ j=i+l

¥ K
(Kl)j = ————(j ) , Go to (2)

(8) Outputs K K,, P, T

1 "2

SCAN OF DAMAGE ALGORI THM -G ven the fitted
constants, K Kz’ P, T and the mmss, M, and
cont act widt]h L, the overall range of the
algorithm for central collisions with uniform
crush can be scanned in the follow ng manner,
for ij, ji=1,2,3...n.



(1) §=1
) A/ A
(2) (€)= (€ <1-P Kl>r L
£ LN 2 K,

Go to (4)
- r
@ (ej =P+ m

@) 1f €5< 0.0, &5 " 0.0

If 1.00 sy ELo= 1,
<EJ € 1.00

(5) (Cf/Cm)j

KlL
(6) (AVC)j = ij D

(l + EJ) (AVC)J‘

@ (AV)J-
@) If j<nj=3+1, G to (2)

(8) Output (Coly o (e)y o (Ce/C)y o (aV)y o (aV);

J= 1,2,3,...n

| MPLEMENTATI ON OF CRASH4--In the existing
form of CRASH3, the energy absorption by the
i ndividual vehicles is calculated independent-

Iy and separately. Wiile it may ultimtely
be desirable to incorporate simltaneous cal cu-
lations that will permt a verification of

the conpatibility of the collision forces on
the two vehicles, a mininmm nodification of
the existing conputer programrequires that
the restitution effects also be treated inde-
pendently and separately for the two collision
partners. The restored energy for the two
vehicl es nmust be isolated fromthe absorbed
energy in view of the follow ng relationships:

2 .
Absorbed energy, Ej = ﬂw (Vi - Vpg)" nch-lbs. (23)

) 2,
Restored energy, Ep = 2, W (sz - vlf) inch-1bs. (24)

From conservation of |inear nomentum

M
2 .
Vig - vc = - T, (VZF - Vlf) inches/sec (25)
MZ )
Vo - le - W( 0 v20) inches/sec (26)
where V_ = the comon velocity at the end of

the appl.goach peri od.
From (25) and (26),

M
R H
Y1¢ Vo - ™+ 1) [0 = Vip) + (Vg = V)] (27)
inches/sec
2,
Myp=Vp -Vt - ENCRCEY T (28)
inches/sec

If the effective coefficient of restitu-
tion for the overall two-vehicle system (with
irregul ar danmage profiles) were known,

2

B, = ¢ Eo (29)
@+/ER_=(1+€)‘/E;’ and  (30)

ZEAMZ

A ) AT Y inches/sec (31)

However, the restitution coefficients for the
i ndi vidual vehicles vary across their irregular
damage profiles and they nust be determ ned
and applied separately.

The total absorbed and restored energies
are related to the maxi mum crush val ues of
the individual vehicles in the followng
manner :

L L

1 2
R | I T S 32
ATE et T m =z [ e (32)

L L
K 1 % 2
) . i 2 .2 12 2 o2
Ep =gy * Epp * TJO e Coy a1+ -5 jo 2 % ¢ (33)

Since the coefficient of restitution,e ,
varies with the maxi mum.crush, £ ., fhe values
of €. and e, nust be determinéd for each of
the B values of residual crush, Cess entered
for the individual vehicles, 1 and Z:

K
2
Cey a1/ K—l + T
Coi = —_— inches (34)
/%
2 .op
4

- r
5ot gotP (35)
where i =1 through n
n=2, 40 6



It is necessary to also calculate the
product of €, and C__.
1 mi

c'., = €, C_, i nches (36)
ml 1 mi

The absorbed and restored energies for
the individual vehicles can then be cal cul ated:

Klj L
Ea 7 7 o (G

)2 d1 inch-1bs. (37)
£y, = KIJIL(C'..)Z dl  inch-1b (38)
Rj - 7 (i nch-1bs.
where j = vehicle nunber
The exi sting nuneri cal integration

routine of CRASH3 for energy cal cul ations can
be applied to equations (37) and (38) by set-
ting:

A=G=0and B=K 1b/in’

The energy cal cul ation procedure will then

yi el d:
E,. = Result obtained with c,, =—c¢ .,
Aj ij mij
E.. = Result obtained with C,.=¢C",,
Rj ij mij
where j = vehicle nunber

i =1 through n

n=2 4o0r 6

The absorbed and restored energy results
for the individual vehicles can then be com
bined to yield

E, = E + E

A Al A2 inch-1bs. (39)

R Rl R‘z i nch-1bs. (40)

On the basis of equation (28) and the
rel ated generalization of inertial terms to
include non-central collisions that is outlined
in References 3, 4 and 9, the total inpact
speed- changes for the two vehicles are obtained
from

2y
- 1 B S i
Avl = . = T EA + R } inches/sec (41)

/ 2y
= 2 ;
sz m = YzMz o {/EA + ./ER }mches/sec (42)
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APPENDI X 1:  COEFFI CI ENT OF RESTI TUTI ON

In a central collision (i.e., where the

collision force acts directly through the



centers of mass of the colliding bodies), the
speed with which the centers of mass are moving
toward each other at the instant of initial
contact is called the speed of approach.
Subsequent to the initial contact, the centers
of mass of the colliding bodies continue to
approach each other, as defornations occur at
the contact regions, until the relative notion
has  been stopped by the decleration-
acceleration action of the collision force
between the two bodies. Thus, the speed of
approach is reduced to zero during the approach
period of a collision.

If the collision force does not imedi-
ately vanish at the end of the approach period,
the continued decel eration-acceleration of the
collision partners will produce a separation

speed. In the extreme case of a perfectly
elastic recovery of the deformed contact
regions, a separation speed equal and opposite

to the approach speed will be produced. At

the other extreme, the case of a perfectly
inelastic, or "plastic," behavior of the de-
formed contact regions, no separation speed

will be generated and the colliding bodies
will remain in contact until acted upon by
external forces (i.e., forces external to the

two-body system such as tire-terrain forces
in the case of an autonobile collision).

The ratio of the speed of separation to
the speed of approach is referred to as the
coefficient of restitution.

Coefficient of Restitution, e =

Speed of
Speed of

separation
approach

where 0.000 <e< 1.000

APPENDI X 2: DETAI LED ANALYTI CAL ASSUMPTI ONS
(1) The relationship between the inpact
speed- change during the approach period, AV
(e.g., the approach speed in a rigid, fixedS
barrier collision), and residual crush, C_,
is assumed to be approximately linear with a
non-zero intercept (Figure 9). This assunption
is the basis of the enpirical fits of coeffi-
cients A, B and G in CRASH3 (Reference 9) as
well as the earlier fits presented by Canpbell
(Reference 15).

(2) For purposes of energy calculations, the
force--deflection characteristics of vehicle
structures during increasing |oads are assuned
to be adequately approxi mated by a linear rela-
tionship between the force and the dynamic
crush, C.m, with a zero intercept (Figure 10).
Not e that the non-zero intercept for force-
deflection in the CRASH3 derivation of equa-
tions corresponds to a plot of force against
residual crush, which constitutes a "virtual"
force-deformation relationship for purposes of
energy cal cul ations. The present linear
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FULL-FRONTAL COLLISION
AGAINST A RIGID FIXED BARRIER

AV¢
'\‘ BL
SPEED RV
CHANGE
INCHES/SEC

av, =w/%£<cf*%> (1)

“ Ve

RESIDUAL CRUSH,C“ NCHES

Figure 9. Avc vs Residual Crush

relationship with a zero intercept corresponds
to that used in the SMAC program (Reference
5). It may be viewed as an assunption that
the areas under the generally irregular |oading
curves (e.g., Figures 4, 5 and 6) can be ade-

quately approximated by fitted straight Iines.
FORCE
PER UNIT
WIOTH
LBS/INCH K1
DYNAMIC CRUSH, €, NCHES
F = K¢ for 0 < ¢ (2)
m
Figure 10. Force vs. Dynanmic Crush

From this assunption, it follows that the
i mpact speed-change during the approach period,
AV , is a linear function of the maximm
dyﬁam‘c crush, Cm, as shown in Figure 11.

APPROACH |
PERIOD
SPEED-CHANGE I
1
AV, ‘WML |
INCHES/SEC |
|
Cm
DYNAMIC CRUSH, Gy, INCHES
Figure 11. Avc vs Dynanic Crush



(3) For purposes of energy calculations, the
force-deformation characteristics of vehicle
structures during unloading, subsequent to the
achi evement of a comon velocity with the
struck object, are assumed to be adequately
approxi mated by a vertical drop to a second
quasi-linear relationship between force and
dynamic crush (Figure 12). Thi s assunption
is supported by test data such as that
presented in Figures 4, 5 and 6.

FORCE
PER UNIT
WIDTH,
LBS/INCH
1
C, Cm
CRUSH, INCHES
Figure 12. Force vs Crush
For € < O,
F,o= K (C—Cf) for CcxC<C (3
F =0 for c<¢C
u £

In the case where K, < K2, the relation-
ship depicted in Figureh is“valid only for:

K
<1K—1> r
> 27

< (4

At lesser values of C_., the force at the start
of unloading will exteed that at the end of
| oading (see Figure 13).

~
Fy
FORCE PER
UNIT WIDTH
LBS/INCH
Ch Cmi1
CRUSH, INCHES
Figure 13. Force vs Crush

343

(o . r (%)
ml K
Rel ati onshi ps P
depicted in J 2
i 1
Figure 13 ¢ - (1 - T‘E> Cop (6)
€ = K /K2
& i 7

Fotr 0 <¢c <

1 the unloading stiffness,
ec

K., IS assumed to decrease as a |inear function
o% C. so that K, = K, at C. = 0. | mpl enent ati on
of Tt%is assumpé‘on yields:
8
o i (8)
m f R; X
Ao
k2
(9
. Ky r 1
K2 X -
o
L
(4) It is assumed that dynamic overshoot
(i.e., the ratio of maxinmumresidual crush)

and restitution vary as functions of the maxi-
mum dynani ¢ crush. The specific functional
rel ationships are uniquely defined by the con-
straints inmposed by assunptions (1) through
(3), conmbined with the fitting of measured
restitution properties at a given value of
dynami ¢ crush.

The four stated anal yti cal
permt vehicles with widely different restitu-
tion properties to share identical values of
A and B (see Table 2). Thus, the proposed
nodi fications can serve (1) to provide a basis
for approximating the total inpact speed-change
and, thereby, overcoming the underestinates
of low AV values, and (2) to define separate
stiffness and restitution coefficients with
whi ch the categorization of vehicles can be
refined.

assunptions

APPENDI X 3:  ENERGY CORRECTI ON FACTOR

The original basis for the energy correc-
tion factor for oblique collisions appears in
Reference 9. In that derivation, it is assumed

that the naxi mum crush resistance directly
opposes crushing along the direction of the
principal force. However, if a liniting 'tan-
gential friction" force is assuned, as in
Ref erence 5, the maximum crush resistance wll
occur in the direction of the friction angle
9 (see Fig. 14). At greater angles, the
resistance to crushing will decrease and the
work done (i.e., energy absorbed) will be
defined by
. 2

[ B, a8, = (cosa+usina) [Fo ds (10)



A

uFN D OPF ~E

Figure 4. Crush Resistance in
ol ique Collisions

. . - ¢
Rel at i onshi ps 8 arctan y
depicted in
i = F os (a-8
Figure 14 F. g cos (a-8)

ddq = che cos (a-0)
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